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1. Introduction

The statistical approximation process of positive linear operators was first studied by Gadjiev and Orhan [1]. Recently, in
the same process, the “positivity” condition of the operators has been relaxed in some sense (see [2]). Also, in recent years,
in obtaining some approximation results, the concept of k-positivity for complex-valued operators (see, e.g., [3-5]) and the
fuzzy positivity of fuzzy-valued operators (see [6]) have been used instead of the classical positivity of the operators. In this
paper, we first introduce a sequence of double complex Gauss-Weierstrass singular integral operators and then investigate
their statistical approximation properties without any type of the positivity conditions mentioned above. At the end of this
paper, we also explain why we use the statistical approximation process rather than the classical one. We should note that,
in a very recent paper (see [7]), we study a similar problem for the double complex Picard operators.

We first recall some concepts used in this paper. Consider the following sets:

D*:=DxD={(z,w) €C®: |z] < land |w| < 1},

D*>:=DxD={(z,w) €C”:|z| < land |w| < 1}.

For a complex-valued function f : D> — C, if the univariate complex functions f (-, w) and f (z, -) (for each fixed z and w
€ D, respectively) are analytic on D, then we say that the function f (-, -) in two variables is analytic on D? (see, e.g., [8,9]). It
is well-known that if a function f is analytic on D?, then f has the following Taylor expansion:

faw)y= )" am)Zw", (@ w)eD?, (1.1)

k,m=0
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where the coefficients ay ,, (f) are given by

AQem(f) = —ﬁ : ﬁ%dpdq’ k, m € Np, (1.2)
withT :== {(p,q) € C*: |p| =rand [q| = p} with0 <1, p < 1.
As usual, by C(D?) we denote the space of all continuous functions on D?. Now consider also the following space:
AD?) = {f € C(D?) : f is analytic on D* with f (0, 0) = 0}.
In this case, C(D?) and A(D?) are Banach spaces with the usual sup-norm given by ||f|| = sup {[f(z, w)|: (z,w) € 52}.
Assume now that (&,),en is a sequence of positive real numbers. Defining the sequence {);} e by

1

An = —_—, (1.3)
T (1 - e—”2/5r3>
and also using the set D given by
D= {(s,t) eR*: " +t* <7},
we define the double complex Gauss-Weierstrass singular integral operators as follows:
An is it\ —(s>+t2) /&2
Wa(f;z, w) = 2 f(ze®, we')e n dsdt, (1.4)
n D

where (z, w) € D®,n € N, f € A(D?), and (An)ney is given by (1.3). Then, one can easily obtain that the operators W, pre-
serve the constant functions. _

In order to get some geometric properties of the operators W, in (1.4) we first need the following concepts. Let f € C (D?).
Then, the first modulus of continuity of f on D? denoted by w; (f, §)52, 8 > 0, is defined to be

w1(f; 8)p2 = sup {If(z, w) —f@. @ :VIz—pP+w—gl? <8, (z.w). (p.q) € Dz}
and the second modulus of smoothness of f on 3(D?) denoted by w,(f; @) yp2), @ > 0, is defined to be
w2 (f5 @)yp2) = Sup {[f (¥, e0F0) —2f (e, &) +f ('™, eV V) | : (x,y) € R? and v/s? + 2 < a] .

Then, if /s + t2 < o, we may write that (see [7])

If (ze", we'") = 2f (z, w) + f (ze™", we™)| < 2 (f; V2 + t2)52). (1.5)
We also get, for any ¢, a > 0, that
o (f; ca)ypzy < (1+ C)zwz(f§ &) (p2)- (1.6)

2. Geometric properties of the operators W,

In this section, we mainly use the idea used in [10,11]. Now let
B(D?) := {f : D* — C; f is analytic on D?, (0, 0) = 1 and Re[f(z, w)] > O for every (z, w) € D?}.

Then, we obtain the following main result.

Theorem 2.1. For each fixed n € N, we have
(i) Wa(A(D?)) C AD?),
(i) Wy(B(D?)) C B(D?), _
(iii) w1 (Wy(f); 8)p2 < w1(f; 8)52 forany § > 0 and for every f € C(D?).
Proof. (i) Let f € A(D?). Then, we get f (0, 0) = 0, and so W, (f; 0, 0) = 0. Now we claim that W, (f) is continuous on D
Indeed, if (p, q), (zm, W) € D? and limy, (zn, wim) = (p, q), then we get

A ) . ) : (212 £2
Wi (f; Zm, wm) — Wa(f; p, @] < ;Z f/ If (zme®, wme'") — f (pe®, ge')| e~ /5 dsdt
n D
An® (, Zm — pI? + |wm — 2)_
L oo fo|zm :l wm —al?) // g
n D

o1 (F. vz — PP+ Twn — aP)

bz
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Since limy, (z;,, wn) = (p, q), we may write that lim,, \/|Zm — p|?> + |lwy — q|> = 0, which implies that

tim e (£, vlzm — PP+ [wn — q?)_, =0
m D

due to the right continuity of w;(f, -) at zero. Hence, we get limpy, W, (f; zn, wi) = Wi (f; p, @), which gives the continuity
of W, (f) at the point (p, q) € D?. Since f € A(D?), the function f has the Taylor expansion in (1.1) with the coefficients
Q. m(f) in (1.2). Then, for (z, w) € D?, we get

o0
f(ZeiS, weit) — Z akqm(f)zkwmei(skﬂm). (2.1)

k,m=0

Since |aym (e k™| = |q; . (f)| forevery (s, t) € R?, the series in (2.1) is uniformly convergent with respect to (s, t) € R2.
Hence, we conclude that

A > i 24 2y /82
witrizow = 3 [[ (Z ak,m(f)z"wme‘“’f“’m) et st
n D

k,m=0

o : 21 :2y/82
_ ‘?; Z ak’m(f)zkw"' (/f i(sk+tm) a—(s°+t%) /53 dsdt)
i D

k,m=0

A_ o0
= ;TZ Z Qi m (F)Z W™ (ff cos (sk + tm) e‘“z“z)/&%dsdt)
n D

k,m=0
(o]
=: Y aem(P)lalk, mzw™,
k,m=0

where, for k, m € Ny,

A
Ca(k,m) = — // cos (sk + tm) e~ +V/& dsdt
D

£
}\n 2 T ) B 2/52
= 5 cos[p (kcos® + msinf)] e " /" pdpdh. (2.2)
Sn 0 0
We should remark that
|[€n(k,m)| <1 foreveryn € Nandk, m € Np.

Therefore, for eachn € N and f € A(D?), the function W, (f) has a Taylor series expansion whose Taylor coefficients are
given by

G, n (Wi () = agm(F)la(k,m), k,m € N,

where £,(k, m) is given by (2.2). Combining the above facts we obtain that W,(f) € A(D?). Since f € A(D?) was arbitrary,
we immediately get that W, (A(D?)) C A(D?).

(ii) Now let f e B(D?) be fixed. As in the proof of (i), we see that W, (f) is analytic on D?. Since f(0, 0) = 1, we see that
W, (f; 0, 0) = 1. Also, since Re[f (z, w)] > 0 for every (z, w) € D? we obtain that

A ) .
Re[W, (f;z, w)] = E% // Re[f (ze®, weit)Je~+)/& dsdt > 0.
n D

(iii) Let § > O and f € C(D?). Assume that (z, w), (p, q) € D* and
Viz—pP+w—gq? <.

Then, we have

A o o
Walfs2,w) = Wa(lip. )l < 33 / / I (2e®, we'') — f (pe®, qe®)| e+ dsdt
n D

IA

w1 (F:Viz=pP+ 1w —qP)
w1 (f; 8)p2

D2

IA

which yields that

o1(Wa(f); 8)p2 < w1(f; 8)p2.
The proof is completed. O
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3. Statistical approximation by the operators W,

In order to obtain some statistical approximation theorems we use the concept of A-statistical convergence, where
A= [aj], j,n=1,2,...,is any nonnegative regular summability matrix.

Recall that a matrix A is regular if lim;_, . (Ax); = L whenever lim,_, . x, = L, where the sequence Ax = ((Ax)))jen is
called the A-transform of x and defined to be

o0
(Ax)j == Z AjnXp
n=1

provided that the series is convergent for eachn € N(see, e.g.,[12]). Now, a sequence x = (x)nen is Said to be A-statistically
convergent to L if, for every ¢ > 0,

1_1)1'1‘1 E Ajp = 0,
J Oon1|Xn—L|25

which is denoted by sty — lim, x, = L (see [13]). IfA = C; = [cjy], the Cesaro matrix of order one defined to be ¢j, = 1/j
if 1 <n <j, and ¢j, = 0 otherwise, then C;-statistical convergence coincides with the concept of statistical convergence,
which was first introduced by Fast [14]. In this case, we use the notation st — lim instead of stc, — lim (see the last
section for this situation). Notice that every convergent sequence is A-statistically convergent to the same value for any
non-negative regular matrix A, however, its converse is not always true. Not all properties of convergent sequences hold
true for A-statistical convergence (or statistical convergence). For instance, although it is well-known that a subsequence
of a convergent sequence is convergent, this is not always true for A-statistical convergence. Another example is that every
convergent sequence must be bounded, however it does not need to be bounded of an A-statistically convergent sequence.
These important facts explain why we use the statistical convergence method rather than the usual convergence for the
approximation process of our operators W,,.
In this section, we obtain the following main result.

Theorem 3.1. Let A := [a;,], j,n =1, 2, ..., be a nonnegative regular summability matrix. If (§;)nen is a sequence of positive
real numbers satisfying

sty —lim§&, =0, (3.1)
n

then, for every f € A(D?), we have
sta — lim [Wa(f) —fIl = O.

If we take A = C; in Theorem 3.1, then we easily get the following statistical approximation result.

Corollary 3.2. Let (£,)nen be a sequence of positive real numbers satisfying st — lim, &, = 0, then, for every f € A(D?), we have
st — lim, [[Wo(f) — fIl = 0.

Of course, if we choose A = I, the identity matrix, in Theorem 3.1, then we get the next uniform approximation result.
Corollary 3.3. Let (§n)nen be a null sequence of positive real numbers. Then, for every f € A(D?), the sequence {W,(f ) nen 1S
uniformly convergent to f on D?.

For proving Theorem 3.1, we need the following two lemmas.

Lemma 3.4. Forevery f € A(D?), we have

Wa(f) = fIl = ]

mwz (f, ";‘_n)a(DZ)
for some (finite) positive constant M independent from n.
Proof. Let (z, w) € D* and f € A(D?) be fixed. Consider the following subsets of the set :
Dy :={(,t)eD:s>0,t >0},
Dy, ={(,t) eD:s<0,t <0},
D3 :={(,t)eD:s<0,t >0},
Dy :={(s,t) eD:s>0,t <0}.
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Then, we observe that

Wi(f;z, w) = f(z, w) = gﬁ;[[@ If (z€", we') — f(z, w)} e~ +)/5 dsde
=2 [ et ve - ra e s

+ 2?1:21 ffnz If (z€", we') — f(z, w)} e+ dsde

w2 [ 17 e uet) = e} s

A ) .
i 57; //D If (ze", we') — f(z, w)} e~ +/4 dsde.
n 4
Thus, we have

Wu(f;z, w) —f(z, w) = % // {f (ze", we') — 2f (z, w) +f (ze™", we™™)} e~/ dsdt
n Dy

A ) ) ) .
+ 20 [ 1 e wet) o w1 e we ) e s,
n 3
The property (1.5) implies that

A
Wall: 2 w) — e w)l < 5 / / o2 (FVF ) et e agar
n D4

3(D?)
An 20262
on 2 2 —(s“+t7) /&7
+$2 // wy (f,\/s +t>BD2 e dsdt
n D3 (D%)
2hn 2.2y 62
— 2 2 —(s7+t9) /5,
=% // o (Ve +0) e dsdt
n Dq (D7)
2 /$% + t2
= 2n // @3 f’ 7%‘11 e_(52+[2)/§3 det~
gn Dq ‘i:n 3(0?)

Also using (1.6), then we obtain that

2
2002 (f, En) g p2 N T
Wa(f; z, w) — f(z, w)| < né—zﬂd(D)//D <] + T e~ CTH/En dsdr
n 1

n

el [0V
Er% 0 0 %_n p P
4 2
= ﬂ)&an(fv SH)B(DZ)/ (] + U)Zue_u du
0

Cl‘2 !S 0 ’
1—e ”2/53 n)y(D?)
where

T
M= / (1 + u)?ue ™ du < .
0

Taking supremum over (z, w) € D? on the last inequality, the proof is completed. O

Lemma 3.5 (See [7]). Let A := [aj;], j,n = 1,2, ..., be a nonnegative regular summability matrix. If (§;)nen iS a sequence of
positive real numbers satisfying (3.1), then we have, for all f € C(D?), that

Sty — llrl;n a)z(f; En)é)(Dz) =0.

Now we are ready to prove our Theorem 3.1.
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Proof of Theorem 3.1. Let f € A(D?). By (3.1), we easily see that

1

—— =0.
1— e-7%/&k

sty — lim
n
Then, we may write from Lemma 3.5 that

sy (f; §n)a(D2) .

0. 32
1— e—7%/8 (32)

Sty — lim
n

Hence, for a given ¢ > 0, it follows from Lemma 3.4 that

U=neN:IW —fll>¢e¢}CineN:
{ Wa(F) —fIl = }—{ 1—e /& ~— M

where M is the positive constant as in the proof of Lemma 3.4. The last inclusion gives, for every j € N, that

PEDILS

nelU neV

Now letting j — oo and then using (3.2) we obtain that

lijm Z aj, =0,

neU
which implies

sty — lim [ Wa () = f1| = 0.

The proof is completed. O

Finally, as in [7], if we take A = C;, the Cesaro matrix of order one, and define the sequence (&,),cn by

1, ifn=#k, k=1,2,...
=11 (3.3)

—, otherwise,
n

then, our statistical approximation result in Corollary 3.2 (or, Theorem 3.1) works for the operators W;, constructed with
the sequence (£,)nen in (3.3), however the uniform approximation to a function f € A(D?) are impossible since (£;)nen is a
non-convergent sequence in the usual sense. Therefore, the last example shows that our statistical approximation process
used in this paper is more applicable than the classical one.
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